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The common treatment of time-dependent potentials, such as those used for radio frequency cav-
ities, is to average a potential’s time component through the interval that the reference particle
spends in the cavity. Such an approach, using the so-called transit-time factor, uses time as the
independent variable in the Hamiltonian. In this paper, we instead propose a fully covariant Hamil-
tonian to treat the time component of the potential like any other space component. We show how
to calculate the dynamics of the particles in a pill-box cavity using an explicit sympletic integrator.
Finally, we compare the results with the simulator TraceWin.
I. INTRODUCTION
When a charged particle passes through an accelera-
tor element which generates a time-dependent field, this
yields a Hamiltonian which is no longer a constant of mo-
tion. This requires special techniques to handle the time
component, such as the Transit-Time Factor for RF cavi-
ties, where the time component is averaged and removed
from the Hamiltonian.
The time dependency of the Hamiltonian can also be
removed if we consider the covariant Hamiltonian, in a 8-
dimensional phase space, where together with the usual
6-dimensions (x, Px; y, Py; z, Pz) we also have time and
its canonical conjugate (t, Pt). In this phase space, the
Hamiltonan H = H(x, y, z, t, Px, Py, Pz, Pt) is always a
constant of motion and will satisfy four pairs of Hamilton
equations
dxµ
dτ
=
∂H
∂Pµ
(1)
dPµ
dτ
= − ∂H
∂xµ
(2)
where τ is the“proper” time of the particle—the time
in a reference frame that moves with the particle; xµ =
ct, x, y, z when µ = 0, 1, 2, 3; and Pµ, defined rigorously
in the next section, are the corresponding momenta.
The solutions of these equations of Hamilton can be
obtained in many ways, the technique used to solve them
depends on the form of the potential used. Expanding
on preliminary studies[1], the potential considered in the
example of this paper is a simple pill-box cavity. Such a
potential can be split as explained in [2], so we will adopt
that technique to have an explicit symplectic integrator.
The results obtained with this method will be com-
pared with the standard simulator used at the European
Spallation Source, TraceWin [3].
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II. HAMILTONIAN
The Lorentz invariant
ds2 = −c2dt2 + dx2 + dy2 + dz2 = c2dτ2 (3)
leads to Lagrangian
L =
m
2
vµv
µ (4)
where
vµ =
(
c
dt
dτ
,
dx
dτ
,
dy
dτ
,
dz
dτ
)
(5)
vµ =
(
−c dt
dτ
,
dx
dτ
,
dy
dτ
,
dz
dτ
)
. (6)
With an external electromagnetic quadri-potential Aµ =(
φ
c , Ax, Ay, Az
)
the Lagrangian is [4]
L =
m
2
vµv
µ + qvµAµ (7)
the corresponding Hamiltonian is calculated with the
Legendre transform as
Pµ =
∂L
∂vµ
(8)
H = Pµv
µ − L. (9)
This Hamiltonian generates eight equations of motion
with the constraint vµv
µ = c2 so not all the variables
are independent.
III. THE PILL-BOX CAVITY
The case discussed here is the simple pill-box cavity
with the simplest accelerating mode (TM01). The electric
and magnetic fields, expressed in cylindrical coordinates
plus time (t, r, θ, z) are [5]
Ez = E0J0
(p01
a
r
)
sin (ωt+ φ0) (10)
Bθ =
E0
c
J1
(p01
a
r
)
cos(ωt+ φ0) (11)
Er = Eθ = Br = Bz = 0. (12)
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2J0 and J1 are the Bessel functions of kind 0 and 1; p01 is
the first zero of J0, that is, J0(p01) = 0; a is the radius
of the pill box cavity (this leaves the electric field as zero
when r = a); ω is the oscillation frequency of the field in
the cavity multiplied by 2pi which is fixed by the cavity
aperture through the relationship ω = cp01a ; and φ0 is
the phase that the particle sees when it arrives to the
entrance of the cavity.
These fields can be expressed as a potential:
Ar = Aθ = 0 (13)
Az =
E0
ω
J0
(p01
a
r
)
cos(ωt+ φ0). (14)
Because the potential is only in the z direction, we do
not need to transform the Lagrangian in cylindrical coor-
dinates, but we can use the potential directly in the cal-
culations recalling that r =
√
x2 + y2. The Lagrangian
is
L =
m
2
(
v0v
0 + v1v
1 + v2v
2 + v3v
3
)
+ qv3A3. (15)
The conjugate momenta are then
P0 =
∂L
∂v0
= mv0 (16)
P1 =
∂L
∂v1
= mv1 (17)
P2 =
∂L
∂v2
= mv2 (18)
P3 =
∂L
∂v3
= mv3 + qA3 (19)
so we can rewrite the 4-velocity as
vµ =
(
P 0
m
,
P 1
m
,
P 2
m
,
P 3 − qA3
m
)
. (20)
The Hamiltonian is
H =
P0P
0
m
+
P1P
1
m
+
P2P
2
m
+
P3(P
3 − qA3)
m
− L (21)
=
P0P
0
2m
+
P1P
1
2m
+
P2P
2
2m
+
(P3 − qA3)(P 3 − qA3)
2m
or explicitly
H = − P
2
t
2m
+
P 2x
2m
+
P 2y
2m
+
(Pz − qAz)2
2m
. (22)
The Hamiltonian (22) can be treated with the explicit
symplectic integrator first developed in [2] and discussed
in [6] Chapter 12 Section 9.
IV. THE ALGORITHM
The only problematic term in the Hamiltonian (22) is
the one in z because it mixes the momentum Pz with the
position contained in Az. The idea of our integrator is to
create a new function Uz(t, x, y, z) such that Az =
∂Uz
∂z .
In our case
Uz =
E0
ω
J0
(p01
a
r
)
cos(ωt+ φ0)z. (23)
The Lie transform of Uz has the property:
e−q:Uz :z = z (24)
e−q:Uz :Pz = Pz − q ∂Uz
∂z
(25)
and as consequence we have
e−q:Uz :e−
h
2 :
P2z
2m :eq:Uz : = e−
h
2 :
(Pz−qAz)2
2m :. (26)
This splitting technique is similar to the usual drift-kick-
drift, but here the term Uz can be seen as a gauge trans-
formation instead of a kick. Calling Kt = − P
2
t
2m and
Ki =
P 2i
2m with i = x, y, z we have the second order ex-
plicit symplectic integrator as
S2 = e
−h2 :Kx:e−
h
2 :Ky :e−q:Uz :e−
h
2 :Kz :eq:Uz : ×
e−h:Kt: ×
e−q:Uz :e−
h
2 :Kz :eq:Uz :e−
h
2 :Ky :e−
h
2 :Kx:. (27)
This integrator can be extended to higher order integra-
tors applying the technique of Yoshida [7] or the one of
Suzuki [8] both techniques are explored in details in [9].
Every step of the integrator has to be evaluated on
coordinates and momenta. The only terms different from
the identity map are:
e−
h
2 :Ki:i = i+
h
2m
Pi for i = x, y, z
e−h:Kt:t = t− h
m
Pt
eq:Uz :Px = Px − qxzE0p01
arω
J1
(p01
a
r
)
cos(ωt+ φ0)
eq:Uz :Py = Py − qyzE0p01
arω
J1
(p01
a
r
)
cos(ωt+ φ0)
eq:Uz :Pz = Pz +
qE0
ω
J0
(p01
a
r
)
cos(ωt+ φ0)
eq:Uz :Pt = Pt − qzE0J0
(p01
a
r
)
sin(ωt+ φ0). (28)
V. NUMERICAL RESULTS
In order to compare the results of this symplectic in-
tegrator with an ordinary simulator as, for example,
TraceWin [3] we need results in the same reference frame.
The first step is thus to find the transformation from the
covariant Hamiltonian to the Hamiltonian in the labora-
tory frame that uses t as the independent variable. This
can be done using Eq. (3) noting that dtdτ = γ. From the
3definition of the momenta Eq. (8) we have for the general
Hamiltonian
P 0 = mv0 + qA0 = mc
dt
dτ
+ q
φ
c
(29)
P i = mvi + qAi = m
dxi
dτ
+ qAi; (i = 1, 2, 3) (30)
and this is
cP 0 = γmc2 + qφ (31)
c2
(
~P − q ~A
)2
= γ2m2c2v2 (32)
where the vector notation refers to the three spatial coor-
dinates and the square is the norm square of the vector.
Using the fact that v2 =
(
1− 1γ2
)
, we can connect the
spatial component with the time component
cP 0 = c
√(
~P − q ~A
)2
+m2c2 + qφ (33)
this is the Hamiltonian when t is used as independent
variable [4] if we identify cP 0 as the Hamiltonian.
From this Hamiltonian we can apply the usual set of
transformations as in [5]. The first transformation is to
normalize left and right sides of Eq. (33) by the refer-
ence momentum Pr = βγmc. This momentum is well
established when the Hamiltonian does not depend by
the time, but it is not uniquely defined along the mo-
tion of a time-dependent Hamiltonian because β and γ
are not constant. So for each integration step we have to
recalculate the two relativistic parameters from the total
energy cP 0 and re-normalize.
The last input we need for our simulator is the step size
h. At the entrance of the cavity we have γi that can be
calculated from the initial kinetic energy as γi =
Eki
mc2 + 1
and the speed in the laboratory frame is
√
1− 1
γ2i
c = βic.
Without acceleration, the time to traverse the first length
step dL of the pill-box cavity having a total length L is
dL = βicdt and we can again use the transformation
dt
dτ = γ leaving
dL = βiγicdτ. (34)
We can thus divide the length L into segments and calcu-
late the proper h in Eqs. (28) to evaluate the integrator.
The βi and γi must be recalculated at each step, but this
is not an issue because the only steps which change the
energy are those in momenta that do not depend on h.
The case that we use for comparison is a bunch con-
sisting of 105 protons uniformly distributed around 100
MeV of kinetic energy passing through a pill-box cavity
with a frequency of 200 MHz and a length of 1 m. The
phase space for the three spatial dimensions x, y, z at the
entrance and at the exit of the cavity is shown in Fig. 2,
where z is colinear with the beamline. The comparison
matches very well, but this is not a surprise because such
a cavity is primarily a drift space for our beam.
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FIG. 1. Energy of a particle on the z-axes with 100 MeV
of kinetic energy at the entrance of the cavity. Comparison
between the covariant Hamiltonian algorithm and the step
function in a classical TTF algorithm (such as the one used
in TraceWin).
The interesting part is in the behaviour of the energy.
The parameters selected for this numerical test are such
that the cavity is working quite far from any good ac-
celeration condition. In fact a proton of 100 MeV has a
relativistic β = 0.428 and will take 7.79 ns to go through
the 1 meter of length of the cavity. A cavity oscillating
at 200 MHz will do 1.5 full oscillations in 7.79 ns. This
oscillation becomes traceable, as in Fig. 1, in the energy
gain of the covariant Hamiltonian algorithm if we track
a reference particle with initial conditions set to zero for
every coordinate and momenta and a kinetic energy of
100 MeV.
The Transit-Time Factor (TTF) of such a field is
0.197, that is, the acceleration is only 20% of the peak
field. In TraceWin the effect will be to have a total en-
ergy increase of 0.2 MeV because the GAP element of
this program uses the TTF to calculate the energy gain.
In the simulator constructed with the covariant Hamilto-
nian we will see the same increase in energy at the end,
but we can see the integration along the length of the
cavity for each integration step.
VI. CONCLUSIONS
We presented an algorithm for performing symplec-
tic integration of Hamiltonian when the external poten-
tial depends on time. The main idea is to use the full
covariant Hamiltonian and to integrate the field in 8-
dimensional phase space applying a Lie-operator method
to the field component as was done for s-dependent fields
in [2]. A comparison with TraceWin, a well-established
particle simulator, shows that the method reproduces the
correct dynamics for the simple case of a pill-box cavity.
More complicate potentials are possible if they respect
the separability expressed by the equation (26).
4FIG. 2. Comparison of the phase space on the three axes starting from the same initial distribution for TraceWin and our
Covariant Hamiltonian algorithm.
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